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ABSTRACT 
We show how Andrews' generalization of the Rogers-Ramanujan identities can be very nicely 
reinterpreted in the context of finite abelian groups. 
§ l. INTRODUCTION AND NOTATIONS 
In this paper we will give an interpretation of the generalizations of the 
Rogers-Ramanujan identities due to Andrews (see [1] or [2]), in terms of finite 
abelian groups. A particular case of the theorem that we obtain is as follows: 
THEOREM 1.1. Let p be a prime. Then 
i) l: IAut Gl- 1= II (t'-p-n)-1 
G n"'l 
p•-•a=o n,.O, ±k (mod (2k+ I)) 
ii) l: IAut Gl-
1 = II (1-p-n)-1 
G IGI n~l 
p•-•a=o n .. o. ±I (mod (2k+ I)) 
where the sums are over all isomorphism classes of abelian p-groups annihilated 
by pk-l. 
The case k = 2 corresponds to the original Rogers-Ramanujan identities. 
Using [3] one can obtain as immediate corollary: 
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COROLLARY 1.2. Define an isomorphism class G of finite abelian groups as 
being k-elementary if the order of every element of G is k-free (i.e. is not 
divisible by a eh power greater than 1), or in other words if for any prime p, 
G does not contain a subgroup isomorphic to 7Lipk7L. Then: 
i) I: [Aut G[- 1-( n ((n)) Log x as x-+oo 
IGI:sx n~2 
G k -elementary n,.O, ±k (mod (2k+ I)) 
ii) I: [Aut Gl-
1 = n ((n) 
G k -elementary IGI n2!2 
n,.o, ±I (mod (2k+ I)) 
For the rest of this paper, we fix a prime p and denote by G, H or H' iso-
morphism classes of finite abelian p-groups. If f is a (say complex-valued) 
function defined on such classes, we recall from [3] that we define the u-average 
Mu(f) for a nonnegative integer u, as the following limit, if it exists: 
I: IGI-u I: f(Coker({J)[AutG[- 1 
Mu(f) = lim IGI:sx q~eHom (Z",G) 
x~oo I; [Aut G[-l 
IGI:sx 
In particular, if f is the characteristic function of a property .9', we will call 
Mu(f) the u-probability of .9'. 
The aim of [3] was to show that Mu(f) gives a good heuristic model for the 
behaviour of (the p-part of) class groups of certain number fields, and that 
Mu(f) can be computed quite easily for a number of interesting functions f. In' 
particular, we have from [3]: 
LEMMA 1.3. Let f be as above and set 
Z(f,s)= I: f(G)[Aut Gi- 1IGI-s 
G 
Let u be a nonnegative integer. Then: 
i) Assume that f is nonnegative and that Z(f, s) converges absolutely for 
Res<:: -f) with f5>0. Then 
Mu(f) = Z(f, u)/Z(1, u) 
ii) We have Z(l,u)= Tim<:l (1-p-m-u)- 1• 
The aim of the present paper is different. We want to show that the generali-
zations of the Rogers-Ramanujan identities due to Andrews can be used to 
compute Mu(f) explicitly for certain interesting functions f. In fact, viewed 
from this abelian group-theoretical standpoint, the formulas obtained (from 
which we can recover Andrews' identities) are much neater. 
Hence, although one could write down immediately the heuristic counter-
parts of our results, we will concentrate on the combinatorial and group-
theoretical aspect. 
(Note: as in [3], we could have studied finite modules over Dedekind 
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domains; however, as is clear from [3], the combinatorial part is identical, the 
only change being in the replacement of p by Np). 
NOTATIONS. We will use notations slightly different from those of [3]: 
- If E is a finite set, lEI denotes its cardinality. 
- We shall always write q instead of lip. 
- If n~O. we write (q)n= ll 1si:sn (1-q;). In particular, 
(q)o = 1' (q)oo = n (1 - qi). 
io:!:I 
(In [3], (q)n was denoted 'ln(p)). 
In particular, Lemma 1.3(ii) can be rewritten: 
Z(l, u) = (q)ul(q)oo 
- We use the notations wk(G) and wk(n) of [3]. 
For the reader's convenience, we recall that 
wk(G)=sk(G)IAut GI-'IGI-k 
where sk(G) is the number of surjective homomorphisms from 7Lk to G, and 
wk(n) = ~ wk(G). 
IGI=n 
Note that [3] gives: 
LEMMA 1.4. If u is a nonnegative integer: 
In fact Lemma 1.3(ii) can be obtained from Lemma 1.4 by letting k--+oo. 
§ 2. THE MAIN THEOREM 
DEFINITION 2.1. The pk-rank rpk(G) of an abelian p-group G is the number 
of cyclic components of G of order divisible by pk. In other words 
rpk(G) = rP(pk- 10) = dimvpz(pk- 10/pkG). 
In [3] we computed the u-probability that rp(G) = r, and also as an amusing 
application of the Rogers-Ramanujan identities, the 0 and !-probability that a 
p-group be elementary (i.e. annihilated by p, or 2-elementary in our sense). We 
will combine and generalise these results. For this we need to define a certain 
function Fk(n, a): 
DEFINITION 2.2. Let k~l be fixed. For aelL such that l~a~k, set: 
n 
m2! l 
m,.O, ±a (mod (2k+ I)) 
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For 1 ~a~ k and n ~ 0, we define Ft<n, a) inductively on n by setting Fk(O, a)= 
=Xk(a), and for n~ 1: 
Fk(n, 1) 0 0 _ q-n(k-1) q-n(k-1) Fk(n- 1, 1) Fk(n,2) . -q-n(k-2) -n(k-2) 0 Fk(n-1,2) 
.Q 
Fk(n,k-1) -q-n q-n 0 Fk(n -1, k-1) Fk(n,k) 1 0 Fk(n -1,k) 
Then Andrews' generalizations of the Rogers-Ramanujan identities may be 
stated as follows (see [2] Lemma 7.2, Theorem 7.8 and Formula 7.3.8). 
THEOREM 2.3 (Andrews). Let k~ 1 and 1 ~a~k. For 1 ~i~k-1 set N;= 
=n;+ni+l + ··· +nk-l· Then: 
qN~+ ··· +Nf- 1 +n(N, + ··· +Nk~t)+(N.+Na+t +··· +Nk~t> 
~ --------------- =Fk(n,a). 
nl,n2•···•nk-I~O (q)n1(q)n2 ••• (q)nk-l 
We can now state our main theorem: 
THEOREM 2.4. Let 1 ~a~k, u~O, r~O and if r=O assume furthermore that 
u~ 1. Then: 
~ 
G 
In other words, if f(G) is the function equal to IG!p0 - 1G I if rpk(G) =rand 
to 0 otherwise, then 
qkr(r+u)-r(a-l)(q) 
Mu(f) = "" Fk(2r+ u- 1, a). (q>r(q)r+u 
PROOF. Since it will be clear from the proof that f satisfies the hypotheses of 
Lemma 1.3, it is sufficient to prove the first identity. 
Now rpk(G) = r is equivalent to saying that 
G::HxH' 
where 
l~is.k-1 
is annihilated by pk- 1, and 
H'=:?F IJ with Jc(pk7LY, 
hence 
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H'=: ffi (7Lipi7L)m; with mk+mk+l + ··· +ms=r for somes. 
ks.is.s 
Set M;=m;+m;+ 1+···+m5 for 1:s;i:s;s. The importance of this notation 
stems from the following classical result (see for example [4]): 
PROPOSITION 2.5. With the above notations we have 
s 
- l: M( 
\Aut G\ =q ;~• II ( ) q m;· 
tsi-s;s 
Let N;, N[ be the corresponding quantities for Hand H' respectively, i.e.: 
N;=m;+mi+ 1 + ··· +mk-I for 1 ::s;i::s;k-1 
, { mk+···+m5 =r for 1:s;i:s;k-1 
N;= 
m;+···+ms fork:s;i:s;s· 
We have 
hence 
l: Ml= l: Nr+ l: N[ 2 +2r l: N; 
tsiss lsisk-l tsiss lsisk-1 
We abbreviate I; 1"';"'k-I N; into S. Note that \H\ =q- 5• 
From Proposition 2.5 we obtain: 
\Aut G\ =\Aut H\\Aut H'\q- 2' 5 
Now by ([3] Proposition 3.1) for a given H', the number of JelL' (or 
J c (pk7LY, here it is the same) such that H' ==- zr /J is equal to 
\HY\Aut H'\- 1(q),. 
Finally, since 1 :s; a:s; k, \H'/p0 - 1H'\ = pr(a-1). Putting all this together we 
have: 
I: \Aut G\- 1\G\-u\Gip0 - 1G\ = 
G 
rp•(G)=r 
l: \Aut H\- 1\Aut H'\- 1q2' 5 \H\-u\H'\-u\Hip0 - 1H\q-<a-!)r 
H,H' 
as above 
=q-(a-!)r I: \Aut H\- 1\H!pa-!H\\H\-uq2' 5 x 
H 
X 
p'-'H=O 
Jc(p'Z)' 
(where H'=Z'IJ) 
q-(a-!)r 
~--s,.s2 (q), 381 
where 
and 
Now 
Sl= l: !Aut Hi-liHipa-IHiiHi-uq2rS 
H 
p'-'H=O 
S2= l: lzr!Ji-<r+u>. 
Jc(p'Z)' 
s2 = r q<kr+a><r+u> l: 
al!:O Jc(p'Z)' 
l(p'Z)'!JI =p" 
L q<kr+a)(r+u>q-rawr(pa) QY ([3] Proposition 3.1) 
al!:O 
=qkr(r+u) L Wr(pa)p-au=qkr(r+u>(q)ul(q)r+u 
a~O 
by Lemma 1.4. 
On the other hand we have, as already noted, IHI =q-s and more generally 
Hence 
iPa-IHi =q-<N.+···+Nk-1>. 
S1= l: 
nl, ... ,nk-12!:0 
qN~+··· +Ni- 1 +(2r+u-I)(N1 + ··· +Nk_ 1)+N.+ ··· +Nk-l 
(q)n• · · · (q)nk-l 
=Fk(2r+u-1,a) 
by Andrews' Theorem 2.3, and Theorem 2.4 follows. 
§ 3. COROLLARIES AND EXAMPLES 
COROLLARY 3.1. i) The u-probability that a p-group has pk-rank equal to 
r is 
qkr(r+ u>(q)ao 
..::___.-:.=..:c;. Fk(2r+ u, k). 
(q>r(q)r+u 
ii) The 0-probability that a p-group is annihilated by pk-l (i.e. has pk-rank 
0) is 
II (1-p-n). 
n~k 
n•O, ±k (mod (2k+ I)) 
iii) The !-probability that a p-group is annihilated by pk-l is 
II (1-p-n). 
nl!:2k 
n•O, ±I (mod (2k+ I)) 
PROOF. This follows immediately from Theorem 2.4 and Definition 2.2. Note 
that for n~l. Fk(n,k)=Fk(n-1,1). 
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This corollary generalizes both Theorem 6.3 and Example 5.13 of [3]. (Note 
that F1(n, 1) = 1 for all n). 
COROLLARY 3.2. For 1~a~k: 
i) !Aut GI-l_ II (1-p-n)-1 IPa-IGI - n;,:l 
n•O, ±a (mod (2k+ I)) 
ii) ~ !Aut GI-l= II (1- -n)-1 
""' I a-lGI P . G p n;,:l 
"*a 
PROOF. Since pk- 1G=O is equivalent to rpk(G)=O, i) follows from theorem 
2.4 with r = 0 and u = 1. One obtains ii) by letting k go to infinity. Theorem 1.1 
gives the particular cases a= k and a= 1 of this corollary. 
Corollary 3.2 is the abelian group-theoretical interpretation of Andrews' 
identities (see [2] Theorem 7 .8), and in fact these identities can easily be re-
covered from the corollary by a standard analytic function argument. It would 
thus be interesting to know if it is possible to prove corollary 3.2 directly, 
without appealing to Andrews' identities. 
We conclude by giving examples of Fk(n,a). Since F 1(n, 1)= 1 for all nand 
Fk(n,k)=Fk(n-1, 1), we give Fk(n,a) for k=2 or 3, O~n~2. 2~a~k and 
Fk(3, k) = Fk(2, 1) as a function of q, and the numerical values for p = 2, 3, 5; in 
addition, for these p we give the numerical value of (q)00 • 
general p p=2 p=3 p=5 
F2(0,2) X2(2) 2.172669 1.520922 1.252084 
F2(1,2) X2(1) 1.542414 1.168985 1.050083 
F2(2,2) q(X2(2)- X2(1)) 0.315127 0.117313 0.040400 
F2(3,2) q2((q + 1)X2(1)- qX2(2)) 0.306822 0.116852 0.040387 
F3(0,2) X3(2) 2.490566 1.579607 1.262184 
F3(0,3) X3(3) 2.814010 1.697150 1.302588 
F3(1,2) q(X3(2)- X3(1)) 0.403264 0.130586 0.042019 
F3(1, 3) X3(1) 1.684037 1.187850 1.052087 
F3(2,2) q3(- X3(1) + (q+ 1)X3(2)- qX3(3)) 0.080601 0.013058 0.001616 
F3(2,3) q2(X3(3)- X3(2)) 0.080861 0.013060 0.001616 
F3(3, 3) q4((q+ 1)X3(1)-qX3(2)) 0.080048 0.013053 0.001616 
(q).,. (q).,. 0.288788 0.560126 0.760333 
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